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1. INTRODUCTION 
This paper continues the paper [1] in which we have studied the existence for the bounded and 
continuous olutions of the Cauchy and the first boundary-initial-values problems for equation 
N 
u, = ~ {(um')z ,  + b, un '}x ' - cu r. (1.1) 
i=1 
Here and below, mi, n~, and r~ are positive constants and e > 0. As we pointed out in [1], proving 
the comparison principle and the uniqueness i the purpose of this paper. 
We refer the motivation and the physical background of equation (1.1) and related references 
to paper [1]. Here we only mention that the difficulties to study (1.1) lie on the anisotropies 
of diffusions and the singularities of advections. If mi = m for i -- 1, 2 , . . . ,  N, one can get 
uniqueness for the bounded and continuous olutions simply by applying and generalizing the 
results in [2] or [3]. But the methods there are not suitable for equation (1.1) with different m~s. 
Our main results are stated in the following theorems. 
THEOREM 1.1. Suppose the f~ is a bounded connected omain in R N, and satisfies 
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where r(x) is the radius of the maximal outertangent ball at x c Of~, and 1/(r(x)) is defined to 
be zero if r(x) = oo, and dA is the area dement of Of L Then the equality 
ul (x, t) = u2(x, t) = #(x, t), on F = 0f~ x [0, oo) U ~ x {0}, (1.3) 
implies 
~(x , t )  - ~2(x,t),  in 0 = ~ × [0, oo), 
provided that ul (x, t) and u2(x, t) are two solutions to (1.1). 
THEOREM 1.2. I fS = min{1,r} and 
N z{  } min ~,n~-s ,0  >-1 ,  
i= l  






Un (x, t) = max (~(x, t), n- - l ) ,  on  F, the parabolic boundary of Q. (2.2) 
If we show that  for any solution u(x, t) of (1.1) satisfying u(x, t) = W(x, t) on F implies 
lim [un(x, t) - u(x, t)] = 0, a.e. on Q, (2.3) 
n ----* oo  
then the uniqueness follows. Hence, we need only to show (2.3). For this purpose, we use the 
definitions of u(x, t) and un(x, t) to obtain that  
~[ Un(x,Z) u(x,r)] f (x ,T )  dx = I1 + 12 +/3 ,  (2.4) 
/2 = - E [urn' - u '~]  ~ cos ai dA dt, 
i= l  
A i B i _ h= [ nfz,z, - nfz,] Cnf + Dnft (F - l  (Un) F - I (u) )  dxdt. 
i=1 
provided that Ul(X, t) and u2(x, t) are two solutions to (1.1). 
REMARK 1.1. For the definition of the solution to equation (1.1), we refer to [1]. 
REMARK 1.2. In Theorem 1.2, we can take s -- 1 if c = 0. 
We will prove Theorems 1.1 and 1.2, respectively, in Sections 2 and 3. 
2. PROOF OF  THEOREM 1 .1  
It  is well known from the classical results, say [4], that  we can construct a sequence of func- 
tions {un} by solving 
N 
unt = ~ { (u~")x, + biu~'} ~ - cu~ + cn -r, in Q = a x [0, co), (2.1) 
i= l  
u l (z , t )  = u2(x,t), on R N × {0}, (1.6) 
ul (x, t) = u2(x, t), in R N x [0, oo), (1.7) 
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In the last three equations, f (x ,  t) • C 2,1 (~ x [0, T]) is any test function satisfying f (x ,  t)tO~x [0,T] 
= 0, a~ is the angle between g and xi-axis with g being the unit outer normal of Oft, and A~, 
B~, C~, Dn, F are defined as follows. Let F(s) = s ~, A = max{mTX,n -1 r -1, 1}, and define 
i , 
Rn = (R o F)' (OF-lun + (1 - O)F-I(u)) dO, (2.5) 
where R stands for A i, B i, C, and D, respectively, with Ai(s) = s "~' , Bi(s) = bi sm,  C(8)  = cs r, 
and D(s) = s. 
It is easy to check 
n (n  -1) <R~<M,  (2.6) 
F-1 (n- l )  - _ 
for R replaced by A i, C, and D, respectively, and 
IB I _ M, for all i. (2.7) 
A i i One can easily construct Lee-function sequences { n,k}, {Bn,k}, {Cn,k}, and {Dn,k} which, 
A i B i { n}, {Cn}, and k --* 0, and keeps s the properties of (2.6) respectively, tends to { n}, {Dn} as 
and (2.7). Next, we choose test function f as the solution to problems (2.8) and (2.9) 
A~,kfx,x~ - B~,kfx, - Cn,kf + Dn,kft = O, in ft x (0, T], (2.8) 
f -- 0, on Oft x [0, T] and 0 < f (x ,T )  = w(x) • C°°(ft), on ft, (2.9) 
where w(x) > 0 is a given smooth function. 
LEMMA 2.1. The function f (x ,  t) which solves problem (2.8) and (2.9) satisfies 
f (x ,  t) • C z'l (fl x [0, T]), 
[Jf~x,ft,f~,fJJL~(n×(O,T)) ~ Mn, 
O <_ f <_ Ml = maxw(x) ,  fl 
0 < - fx ,  cosai < f~n = K [1 + (r(x)) -1] cos2 a~F -1 (n -1) 






where K is a constant determined only by N, M, and the maximum of u over Q. 
By Lemma 2.1, one can easily check that 
lim lim I1,/2,/3 = 0, 
r t  --~ (:~ k ---}c~ 
and hence, (2.3) is true. Thus, we complete the proof of Theorem 1.1 if we prove Lemma 2.1. 
PROOF OF LEMMA 2.1. Equations (2.10)-(2.12) are direct applications of Theorem 9.1 in 
[4, p. 341] and some well-known results. The proof of (2.13), which we will give below, is 
somewhat technical. 
For arbitrary ~ E Oft, let B2ro (2x0 - :~) be an outertangent ball of ft at ~ and denote 
z(x,t)=~(ro+a~-Jx-xo[)2+f(x,t), on~2NBro+a,(xo) x[O,T], (2.14) 
where r0 = min{1, r(~)/2} (recall that r(x) denotes the radius of the maximal outertangent ball 
at x E Oft), 0 < an < r0,OLn, and f~ are constants to be determined later. 
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Let 00 be the largest angle between x0 - 2 and x0 - x for all x E f~ A B~o+~,, ' (x0). Then we 
obtain that  
N 
cos  0o ~ E cos  0i cos  0~, 
i=1 
in which 2 - x0 = 12 - Xol(COS 01, . . . ,  COS 0N)  , X -- X 0 --  IX -- X0I(COS 01, • • • , COS 0N)" 
Since B:c o (2xo - 5:) N f~ = 0, we have 
cos 0o _> (x0 - x ' )  • (Xo - Y:) > ro - c~n - C~2n/2ro > 1 - 2a----2-~ 
]X 0 -- XqIX 0 -- fig, I -- ro 4- O: n -- 7. 0 ' 
N where x'  C 0B2ro (2xo - 37) Cl 0Bro+~,, (xo), and therefore, E i= l  COS Oi COS O'i ~ 1 - 2an / ro .  From 
N the fact that  ~ i=1 c°s2 0~ = 1 and y]~iN1 cos 2 Oi = 1, we obtain 
N 
E( cos0 i -cosg,~ _< - - ,  
i=1 r0 
and hence, 
cos 2 0i ~/~ 
- cos 2 0i < a-2-~ + 4 cos 0i. 
r0 
We can show that  z (x ,  t) is a subsolution of (2.8) by a proper choice of an. In fact, we compute 
that  
.~-~(~=~(A~'k~-B  i 0 "~ _ 0 z (x~t )  
) ] > 2 i t~i - an a i  An,  k cos 2 _ -~o~r~n,k--O~n]Bi ,k l  COS0i - -oz2Cn,k  B i (u )n  
_> A~,k cos 20i - 26 an  MN - 2MNan - Ma  2 B i (u )n  
ki=l  r0 
_>0, 
provided that  we take 
c~n _< 
1 N 
26MN (1 + %1)  min A~,k cos 20i < - - .  
(flnB,,o+,~,, (:co)) x (0,T] .= 2 
According to the max imum principle, z (x ,  t) attains its positive max imum on the boundary. If  
we choose such an and fin so that  2 anfln = M,  then the max imum of z (x ,  t) can be attained only 
at x = :~ for all t E (0, T), i.e., Zx~ cos 0i >_ 0 at (x, t) E {2} × (0, T). Therefore, 
-- fx~ COSOil:c=~ _< 2f lnan  
Ix - zof  
- (x~ - x0d 
cos 0il:c=~ 
= 52NM (1 + ro  1) c°s20i N S 
rain jE  1 A G cos2 05 
[flAB,-o+,~,, (xo)] × (0,T] "= 
< K [1 + (r(x)) -1] cos 20 iF - l (n  - I )  
N 
Y~ AJ  (n  -1 )  cos  2 0j 
j= l  
This completes the proof of (2.13). 
REMARK 2.1. One can show that  the comparison principle is true with the same arguments 
above, but with u(x ,  t) replaced by sub- or supersolution instead of a solution. 
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3. PROOF OF THEOREM 1.2 
Similar to Section 2, we construct another function sequence, say also {Un} , by solving (2.1) 
in f~n x (0, oo) with the initial value as 
max {Uo(x),n -1} in f l , -1  x {0}, 
Un(X, 0) = ' (3.1) 
Vn(X), in (an \~n_ l )  X {0}, 
and the boundary value un(x,t) = p~(t) on 0~'~ n X (0, OO). Here f~n is a sequence of bounded 
domains which increases to R N as n --+ c~, Vn(X) and pn(t) solve the problem 
N 
E (%)z~x~ + bi (vnn')z~ = 0, on f~n\f~n-*, 
i-----1 
vn(z) = mak {uo(z) ,n-1},  on 0f~n-1, 
vn(x) = M, on O~n, 
and the problem 
(P1) 
p" (t) = -CPn r + cn -r, for t > 0, 
pn(0) = M, (3.2) 
respectively. 
If we show that for any solution u(x,t) of (1.1) on R N × [0, oc] satisfying u(x,t) = qo(x,t) 
on R N x {0} implies (2.3) a.e. on R N x [0, oo) for some sequence {f~n}, say {x : Ix*l <_ rn}, 
which increases to R N as n --+ oo, then the uniqueness for the Cauchy problem follows. Again 
by definitions of u(x, t) and un(x, t), we have 
[u,(x, T) - u(x, T) l f (x,  T) dx I 1 + I2 + I3, (3.3) 
where the I1, I2, and/3  are the same as in (2.4) except that  the ~ is replaced by On. With the 
i i same definitions of An, k, Bn,k, Ca,k, Dn,k, and F as in Section 2, we choose the test function f 
satisfying 
Ai i - Bn,kf~, - Cn,kf + Dn,kft = 0, in f~ x (0, T], (3.4) 
and 
f = 0, on aan  x [0,T] and 0 </ (x ,T )  = w(z) E C°°(f~n), on f~n, (3.5) 
where w(x) is a suitably given smooth function. 
LEMMA 3.1. The f (x , t )  which solves (3.4) and (3.5) satisfies 
f (x , t )  E C 2'1 (~n X [0, T] ) ,  
llf==,k,f=,fllL=(~,,×(O,T)) <-- M, 
0 < f < M1 = maxw(x) ,  
0 < -f=~ cos cr~ < M i e -~ .... 
0 <_ f <__ Kle-~iN=l ~3~lxil+T-t, 
in which Mn, Min, and [3 i depend only on n and 
1 ( / 
max Vc ,k+D ,k' 
\a, ,  x(0,~) 
2N B~, k ) 
max ,1 , 
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and 
Akk I I Bz-Lk y(i)=2 rnkW *,* . 
c2,,x(O,m) ( 1 %lc %le 
By Lemma 2.1, we can easily check that 
and hence, (2.3) is true. 
PROOF OF LEMMA 3.1. Equations (3.6)-(3.8) come directly from classical results, see [4]. Next 
we are going to prove (3.9) and (3.10). To overcome the difficulties arising from the different 
behavior of the diffusions and advections in different directions, we use induction method. 
Supposesuppw(z) c fl~l[-zo,zo], IC {1,2,...,N} and set 
.q = Mle T-t+llllo-~;E, a;zi > 
where 111 is the cardinal of set I and 
(3.11) 
(af)-l = max 
Define 
L 
62 d d 
n,k = A;,kq - B;vkG - Cn,k + h,kz. (3.12) 
Then we have 
Ln,k(ZI) = XI 5 [(a;)” A;,k + a@:,,] - Cn,k - &,k < 0. 
i=l 
It means that ZI is a supersolution of (3.4). This result together with the fact that z - f > 0 
on ((2, t) : Zi = 0 or xi = r, for i E I or Xj = fr, for j $! I, or t = T} II fin, and the maximal 
principle implies f < zr for (z, t) E f12, x [0, T). And symmetrically, we obtain 
zo+T-l-Crrflz;l 
f IMie iE, 7 for all )I] = 1. 
Assume that for all ]I] = s, we have f 5 .zr; then for all ]I] = s + 1, the comparison principle 
implies f 5 .ZI and then (3.9) holds. 
To prove (3.10), we use the following auxiliary functions: 
21 = Mle I+O-CiG, I~ol+YI(~-~) , (3.13) 
where 
Similar to the arguments to prove (3.9), we can verify straightforward that EI is a supersolution 
to (3.4), and it follows that f 5 21. 
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Denote ~, = 3'~ for I = {1, 2 , . . . ,  n}  and consider another auxil iary function 
i ( x , t )  = M1 ex°+~T-r"+l+&(x~-r'~+l)  f (x ,  t), (3.14) 
where 
5i = 1+ max + ~ . V j 
It  is easy to verify that  L,~,k(~(x,t)) >_ 0 on the domain 
N 
Si = 1~ sj x [0, T l, sj = [ - r~,  r~], for j = i, si = [r~ - 1, r~], 
j=l  
hence, 2(x, t) should atta in its positive maximum on the parabolic boundary of Si. After checking 
the values on the parabolic boundary of Si, one knows the maximal points should locate at 
xi = rn, and then o~ cosai  _> 0 implies (3:10), where ai is the same as in Section 2. 
REMARK 3.i. A similar argument will show that  the comparison principle for the Cauchy prob- 
lem is true. 
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